Considering both the Gauss-Bonnet and the Born-Infeld terms, which are on similar footing with regard to string corrections on the gravity side and electrodynamic side, we present a new class of rotating solutions in Gauss-Bonnet gravity with k rotation parameters in the presence of a nonlinear electromagnetic field. These solutions, which are asymptotically anti-de Sitter in the presence of cosmological constant, may be interpreted as black brane solutions with inner and outer event horizons, an extreme black brane or naked singularity provided the metric parameters are chosen suitably. We calculate the finite action and conserved quantities of the solutions by using the counterterm method, and find that these quantities do not depend on the Gauss-Bonnet parameter. We also compute the temperature, the angular velocities, the electric charge and the electric potential. Then, we calculate the entropy of the black brane through the use of GibbsDuhem relation and show that it obeys the area law of entropy. We obtain a Smarr-type formula for the mass as a function of the entropy, the angular momenta and the charge, and show that the conserved and thermodynamic quantities satisfy the first law of thermodynamics. Finally, we perform a stability analysis in both the canonical and grand-canonical ensemble and show that the presence of a nonlinear electromagnetic field has no effect on the stability of the black branes, and they are stable in the whole phase space. *
I. INTRODUCTION
In recent years a renewed interest in the Lovelock gravity and Born-Infeld electrodynamics has been appeared. This is due to the fact that both of them emerge in the low energy limit of string theory [1, 2, 3] . On the gravity side, string theories in their low-energy limit give rise to effective models of gravity in higher dimensions which involves higher curvature terms, while on the electrodynamics side the Born-Infeld action has been occurring with the development of superstring theory, where the dynamics of D-branes and some soliton solutions of supergravity is governed by the Born-Infeld action. While the Lovelock gravity was proposed to have field equations with at most second order derivatives of the metric [4] , the nonlinear electrodynamics proposed, by Born and Infeld, with the aim of obtaining a finite value for the self-energy of a point-like charge [5] . The Lovelock gravity reduces to Einstein gravity in four dimensions and also in the weak field limit, while the Lagrangian of the Born-Infeld (BI) electrodynamics reduces to the Maxwell Lagrangian in the weak field limit. There has been considerable works on both of these theories. In Lovelock gravity, there has been some attempts for understanding the role of the higher curvature terms from various points of view, especially with regard to black hole physics. For example, exact static spherically symmetric black hole solutions of the second order Lovelock (Gauss-Bonnet) gravity have been found in Ref. [6] , and of the Gauss-Bonnet-Maxwell model in Ref. [7] . The thermodynamics of the uncharged static spherically black hole solutions has been considered in [8] , of solutions with nontrivial topology in [9] and of charged solutions in [10, 11] . All of these known solutions in Gauss-Bonnet gravity are static. Not long ago one of us introduced two new classes of rotating solutions of second order Lovelock gravity and investigated their thermodynamics [12, 13] , made the first attempt for finding exact static solutions in third order Lovelock gravity with the quartic terms [14] , and presented the charged rotating black brane solutions of third order Lovelock gravity [15] . Recently, the Taub-NUT/bolt solutions of Gauss-Bonnet and Gauss-Bonnet-Maxwell gravity have been constructed [16, 17] . The first aim to relate the nonlinear electrodynamics and gravity has been done by Hoffmann [18] . He obtained a solution of the Einstein equations for a point-like Born-Infeld charge, which is devoid of the divergence of the metric at the origin that characterizes the ReissnerNordström solution. However, a conical singularity remained there, as it was later objected by Einstein and Rosen. The spherically symmetric solutions in Einstein-Born-Infeld (EBI) gravity with or without a cosmological constant have been considered by many authors [19, 20] . Recently, the rotating black brane solutions of Einstein-Born-Infeld gravity have been constructed, and their thermodynamics has been investigated. [21] .
Considering the analogy between the Gauss-Bonnet and the Born-Infeld terms, which are on similar footing with regard to string corrections on the gravity side and electrodynamic side, respectively, it is plausible to include both these corrections simultaneously. Indeed, if one is to consider the Maxwell fields coupled to a gravitational action, which also includes string generated corrections at higher orders, then, it is naturally important to consider string generated corrections to the electromagnetic field action as well. Such corrections come from a coupling of abelian gauge fields to open bosonic or open superstrings. To be precise, it is known that, just like the Gauss-Bonnet terms, there are Born-Infeld terms which appear as higher order corrections to the Maxwell action [1] . The static black hole solutions of Gauss-Bonnet-Born-Infeld (GBBI) gravity have been constructed in Ref. [22] . In this paper, we attempt to construct the rotating black brane solutions of GBBI gravity and investigate their properties. We also perform a stability analysis and investigate the effects of nonlinear BI field on the stability of the solutions. The rest of the paper is organized as follows. In section II, we write down the first three term of Lovelock gravity (GaussBonnet) in (n + 1)-dimensions with Born-Infeld type corrections of Maxwell equations. In section III, we consider a new class of rotating black brane and solve it for gravitation and electromagnetic field equations. We further discuss their thermodynamic properties in section IV. Section V has include of stability of black brane in canonical and grand-canonical ensemble. We finish our paper with concluding remarks in section IV.
II. FIELD EQUATIONS IN GAUSS-BONNET-BORN-INFELD GRAVITY
The most fundamental assumption in standard general relativity are the requirement of general covariance and that the field equations be second order. Based on these principles, the most general Lagrangian in arbitrary dimensions is the Lovelock Lagrangian. The gravitational action of Lovelock theory can be written as [4] 
where [z] denotes the integer part of z, α i is an arbitrary constant and L i is the Euler density of a 2i-dimensional manifold,
is the generalized totally anti-symmetric Kronecker delta and R ρσ µν is the Riemann tensor. We note that in (n + 1)-dimensions, all terms for which d > [(n + 1) /2] are identically equal to zero, where [x] denotes the integer part of x, and the term d = (n + 1)/2 is a topological term. Consequently only terms for which d < (n + 1)/2 contribute to the field equations. Here we study Gauss-Bonnet gravity, that is first three terms of Lovelock gravity. In this case the action of GBBI gravity is
where Λ = −n(n − 1)/2l 2 is the cosmological constant, α is the Gauss-Bonnet coefficient with dimension (length) 2 , R, R µν and R µνγδ are the Ricci scalar and Ricci and Riemann
In Eq. (4), β is called the Born-Infeld parameter with dimension of mass,
where F µν = ∂ µ A ν − ∂ ν A µ is electromagnetic tensor field and A µ is the vector potential.
The second integral in Eq. (3) is a boundary term which is chosen such that the variational principle is well defined [23] . In this term, γ ab is induced metric on the boundary ∂M, Θ is trace of extrinsic curvature Θ ab of this boundary, G ab (γ) is Einstein tensor calculated on the boundary, and J is trace of:
Varying the action with respect to the metric tensor g µν and electromagnetic field A µ the equations of gravitation and electromagnetic fields are obtained as
where G µν is the Einstein tensor. Equation (6) does not contain the derivative of the curvatures, and therefore the derivatives of the metric higher than two do not appear. Thus, the Gauss-Bonnet gravity is a special case of higher derivative gravity.
In general the action I G , is divergent when evaluated on the solutions, as is the Hamiltonian and other associated conserved quantities. A systematic method of dealing with this divergence in Einstein gravity is through the use of the counterterms method inspired by the anti-de Sitter conformal field theory (AdS/CFT) correspondence [24] . This conjecture, which relates the low energy limit of string theory in asymptotically anti de-Sitter spacetime and the quantum field theory living on the boundary of it, have attracted a great deal of attention in recent years. This equivalence between the two formulations means that, at least in principle, one can obtain complete information on one side of the duality by performing computation on the other side. A dictionary translating between different quantities in the bulk gravity theory and their counterparts on the boundary has emerged, including the partition functions of both theories. This conjecture is now a fundamental concept that furnishes a means for calculating the action and conserved quantities intrinsically without reliance on any reference spacetime [25] . It has also been applied to the case of black holes with constant negative or zero curvature horizons [26] and rotating higher genus black branes [27] . Although the AdS/CFT correspondence applies for the case of a specially infinite boundary, it was also employed for the computation of the conserved and thermodynamic quantities in the case of a finite boundary [28] .
All of the work mention in the last paragraph was limited to Einstein gravity. Although the counterterms in Lovelock gravity should be a scalar constructed from Riemann tensor as in the case of Einstein gravity, they are not known for the case of Lovelock gravity till now. But, for the solutions with flat boundary, R abcd (γ) = 0, there exists only one boundary counterterm
where l eff is a scale length factor that depends on l and α, that must reduce to l as α goes to zero. One may note that this counterterm has exactly the same form as the counterterm in Einstein gravity for a spacetime with zero curvature boundary in which l is replaced by l eff . The total action can be written as a linear combination of the action of bulk, boundary (3) and the counterterm (8)
Having the total finite action, one can use the Brown-York definition of stress energy momentum tensor [29] to construct a divergence-free stress energy momentum tensor. For the case of manifolds with zero curvature boundary the finite stress energy momentum tensor is [15]
One may note that when α goes to zero, the stress energy momentum tensor (10) reduces to that of Einstein gravity. To compute the conserved charges of the spacetime, we choose a spacelike surface B in ∂M with metric σ ij , and write the boundary metric in ADM form:
where the coordinates ϕ i are the angular variables parameterizing the hypersurface of constant r around the origin, and N and V i are the lapse and shift functions respectively. When there is a Killing vector field ξ on the boundary, then the quasilocal conserved quantities associated with the stress energy momentum tensors of Eq. (10) can be written as
where σ is the determinant of the metric σ ij , and n a is the timelike unit normal vector to the boundary B. For boundaries with timelike (ξ = ∂/∂t) and rotational (ς = ∂/∂ϕ) Killing vector fields, one obtains the quasilocal mass and angular momentum
provided the surface B contains the orbits of ς. These quantities are, respectively, the conserved mass and angular momentum of the system enclosed by the boundary B.
III. THE (n + 1)-DIMENSIONAL CHARGED ROTATING BLACK BRANES
The metric of (n + 1)-dimensional asymptotically AdS rotating spacetime with k rotation parameters is [30, 31] 
where Ξ = 1 + Using the gauge potential ansatz
and solving Eq. (7), we obtain
where q is an integration constant which is related to the charge parameter,
is hypergeometric function and
One may note that 2 F 1 → 1 as η → 0 (β → ∞) and A µ of Eq. (16) reduces to the gauge potential of Maxwell field [12] . To find the function f (r) , one may use any components of Eq. (6). The simplest equation is the rr component of these equations which can be written
where the prime denotes a derivative with respect to r. The solutions of Eq. (18) can be written as
where
Although the other components of the field Eq. (6) are more complicated, one can check that the metric (15) satisfies all the components of Eq. (6) provided f (r) is given by (19, 20) . Again, f (r) reduces to the metric function of Ref. [12] as β goes to infinity and reduces to that of Ref. [21] , when α −→ 0. Using the fact that 2 F 1 (a, b, c, z) has a convergent series expansion for |z| < 1, one finds that g(r) for large β is
The last term in the right hand side of the Eq. (21) is the leading Born-Infeld correction to the Gauss-Bonnet-Maxwell black brane solutions.
A. Properties of the solutions
One can show that the above solution is asymptotically AdS with effective cosmological constant
As in the case of rotating black brane solutions of Einstein-Born-Infeld gravity, the above metric given by Eqs. (15, 19 and 20) has an essential singularity at r = 0, and two types of Killing and event horizons. The Killing horizon is a null surface whose null generators are tangent to a Killing field. It is proved that a stationary black hole event horizon should be a Killing horizon in the four-dimensional Einstein gravity [32] . This proof can not obviously be generalized to higher order gravity, but the result is true for all the known static solutions.
Although our solution is not static, the Killing vector,
is the null generator of the event horizon, where Ω i is the ith component of angular velocity of the outer horizon which may be obtained by analytic continuation of the metric. Setting a i → ia i yields the Euclidean section of (15) , whose regularity at r = r + requires that we should identify φ i ∼ φ i + β + Ω i . One obtains
The Hawking temperature of the black brane is
Using the fact that the temperature of the extreme black brane is zero, it is easy to show that the condition for having an extreme black hole is that the mass parameter is equal to m ext , where m ext is given as
The metric of Eqs. 
IV. THERMODYNAMICS OF BLACK BRANES
In this section we, first, calculate the thermodynamic and conserved quantities of the black brane. Second, we obtain a Smarr-type formula for the mass as a function of the entropy, the angular momentum and the charge of the solution and check the first law of thermodynamics. Finally, we perform a stability analysis in both canonical and grandcanonical ensembles.
A. Conserved and thermodynamic quantities
Denoting the volume of the hypersurface at r =constant and t =constant by V n−1 , the charge per unit volume of the black brane, Q, can be found by calculating the flux of the electromagnetic field at infinity, yielding
The electric potential Φ, measured at infinity with respect to the horizon, is defined by [33] 
where χ is the null generator of the horizon given by Eq. (22) . One finds
Using Eqs. (13) and (14), the mass and angular momenta per unit volume V n−1 of the solution are calculated as
Black hole entropy typically satisfies the so-called area law, which states that the entropy of a black hole equals one-quarter of the area of its horizon [34] . This near universal law applies to almost all kinds of black holes and black strings in Einstein gravity [35] . However in higher derivative gravity the area law is not satisfied in general [36] . For asymptotically flat black hole solutions of [37] S = 1 4
where the integration is done on the (n − 1)-dimensional spacelike hypersurface of Killing horizon,g µν is the induced metric on it,g is the determinant ofg µν andL k is the kth order Lovelock Lagrangian ofg µν . The asymptotic behavior of the topological class of black holes we are considering is AdS, and therefore we calculate the entropy through the use of Gibbs-Duhem relation
where I is the finite total action evaluated on the classical solution, and C i and Γ i are the conserved charges and their associate chemical potentials respectively. Using eqs. (3) and (8), the finite action per unit volume V n−1 can be calculated as
Now using Gibbs-Duhem relation (33) and eqs. (27) - (31) and (34) 
for the entropy per unit volume V n−1 . This shows that the entropy obeys the area law for our case where the horizon curvature is zero.
B. Energy as a function of entropy, angular momenta and charge
Calculating all the thermodynamic and conserved quantities of the black brane solutions, we now check the first law of thermodynamics for our solutions. We obtain the mass as a function of the extensive quantities S, J, and Q. Using the expression for the entropy, the mass, the angular momenta, and the charge given in Eqs. (35), (27) , (30), (31), and the fact that f (r + ) = 0, one can obtain a Smarr-type formula as
where J = |J| = 
One may then regard the parameters S, J i 's, and Q as a complete set of extensive parameters for the mass M(S, J, Q) and define the intensive parameters conjugate to them. These quantities are the temperature, the angular velocities, and the electric potential
It is a matter of straightforward calculation to show that the intensive quantities calculated by Eq. (38) coincide with Eqs. (23), (24) , and (28) . Thus, these quantities satisfy the first law of thermodynamics Thus, the local stability can in principle be carried out by finding the determinant of the Hessian matrix of M(S, Q, J) with respect to its extensive variables
[33]. In our case the entropy S is a function of the mass, the angular momenta, and the charge. The number of thermodynamic variables depends on the ensemble that is used.
In the canonical ensemble, the charge and the angular momenta are fixed parameters, and therefore the positivity of the heat capacity
2 ) J,Q at constant charge and angular momenta is
The heat capacity is positive for m ≥ m ext , where the temperature is positive. This fact can be seen easily for Ξ = 1, where the second term of Eq. (39) is zero and the first term is positive. Also, one may see from Fig. 1 that the heat capacity increases as Ξ increases, and therefore it is always positive. Thus, the black brane is stable in the canonical ensemble. In the grand-canonical ensemble, after some algebraic manipulation, we obtain where
and
Since the value of 2 F 1
, −η + is between 0 and 1 and 2β 
Thus, the (n + 1)-dimensional asymptotically AdS charged rotating black brane is locally stable in the grand-canonical ensemble.
V.
CLOSING REMARKS
In this paper, we found a new class of rotating solutions in Gauss-Bonnet-Born-Infeld gravity in the presence of the cosmological constant. These solutions which are asymptotically AdS and have flat horizon may be interpreted as black brane solutions with inner and outer event horizons provided the mass parameter m is greater than an extremal value given by Eq. (25), an extreme black brane for m = m ext and a naked singularity otherwise. We found that these solutions reduce to the solutions of Eistein-Born-Infeld gravity as α −→ 0, and reduce to those of Gauss-Bonnet-Maxwell gravity as β −→ ∞. The counterterm method inspired by the AdS/CFT correspondence has been widely applied to the case of Einstein gravity. Here, we applied this method to the solutions of Gauss-Bonnet-Born-Infeld gravity with flat boubdary at r =constant and t =constant, and calculated the finite action and conserved quantities of them. The physical properties of the brane such as the temperature, the angular velocity, the electric charge and the potential have been computed. We found that the conserved quantities of the black brane do not depend on the Gauss-Bonnet parameter α. Then, we obtained the entropy of the black brane through the use of Gibbs-Duhem relation and found that it obeys the area law of entropy. We also obtained a Smarr-type formula for the mass as a function of the extensive parameters S, J and Q, calculated the intensive parameters, temperature, angular velocity, and electric potential, and showed that these quantities satisfy the first law of thermodynamics. We also studied the phase behavior of the (n + 1)-dimensional rotating black branes in GBBI gravity and showed that there is no Hawking-Page phase transition in spite of the presence of a nonlinear electromagnetic field. Indeed, we calculated the heat capacity and the determinant of the Hessian matrix of the mass with respect to S, J and Q of the black branes and found that they are positive for all the phase space, which means that the brane is stable for all the allowed values of the metric parameters discussed in Sec. IV. This phase behavior is commensurate with the fact that there is no Hawking-Page transition for a black object whose horizon is diffeomorphic to R p and therefore the system is always in the high temperature phase [38] . Although, the presence of the nonlinear Born-Infeld field has no effects on the stability of the black brane, the presence of a scalar field makes the solution unstable [39] .
